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Abstract: The quantum theory of a massless spin two particle is strongly constrained by
diffeomorphism invariance, which is in turn implied by unitarity. We explicitly exhibit the
space-time diffeomorphism algebra of string theory, realizing it in terms of world sheet ver-
tex operators. Viewing diffeomorphisms as field redefinitions in the two-dimensional conformal
field theory renders the calculation of their algebra straightforward. Next, we generalize the
analysis to combinations of space-time anti-symmetric tensor gauge transformations and dif-
feomorphisms. We also point out a left-right split of the algebra combined with a twist that
reproduces the C-bracket of double field theory. We further compare our derivation to an
analysis in terms of marginal deformations as well as vertex operator algebras.
1Unite´ Mixte du CNRS et de l’Ecole Normale Supe´rieure associe´e a` l’universite´ Pierre et Marie Curie 6,
Contents
1 Introduction 2
2 The algebra of gauge transformations 3
2.1 Diffeomorphisms in the path integral . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Diffeomorphisms as field redefinitions . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.3 The algebra of diffeomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.4 The algebra including anti-symmetric gauge transformations . . . . . . . . . . . . 7
2.5 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3 Comparison to other methods 8
3.1 The chiral cohomological Gerstenhaber algebra . . . . . . . . . . . . . . . . . . . 9
3.2 The non-chiral Gerstenhaber algebra . . . . . . . . . . . . . . . . . . . . . . . . . 9
3.3 Marginal perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4 Conclusions 12
A Exactness, on-shellness and marginality 12
A.1 Diffeomorphisms and anti-symmetric gauge transformations . . . . . . . . . . . . 13
A.2 An example three-point function . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
B Factorization and Doubling 14
1 Introduction
String theory is a theory containing a massless spin two particle. There is a classic argument
that a consistent interacting theory of a massless spin two particle is necessarily a theory of
general relativity in the sense that the non-linear interactions are constrained by the require-
ment of general coordinate invariance. The gauge symmetry must survive in the quantum
theory to guarantee unitarity through the decoupling of unphysical degrees of freedom.2 This
argument applies to perturbative string theory since it contains a massless spin two particle
and is unitary. In the literature, string perturbation theory is more explicitly demonstrated
to be diffeomorphism invariant through a combination of two arguments. It is shown that
the transformation of the metric under a diffeomorphism corresponds to adding a BRST exact
state to the string state at hand. Secondly, BRST exact states decouple from string amplitudes
through a generalized canceled propagator argument (based on analyticity of the S-matrix).
And therefore, string perturbation theory is diffeomorphism invariant.
We desire to go one step further in rendering this classic argument more explicit in the
context of string theory. We not only wish to identify the relevant gauge transformations
corresponding to infinitesimal coordinate transformations in space-time, but also compute the
algebra of diffeomorphisms in terms of world sheet vertex operators. Indeed, the gauge algebra
2The history of this argument is reviewed in detail in the foreword to [1] and a version of the argument is
contained in the lectures [1].
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of string theory is much larger than the diffeomorphism algebra (see e.g. [2]). It is interest-
ing per se to isolate in this huge symmetry algebra the gauge algebra governing gravitational
interactions and the equivalence principle (see also e.g. [3]).
We have given a general motivation for attacking this problem. We are also inspired by the
desire to realize asymptotic symmetry algebras in string theory. See for instance [4,5] and [6–9]
for older AdS and more recent flat space applications of an understanding of these asymptotic
symmetries on the world sheet. The asymptotic symmetry algebra consist of asymptotically
non-trivial diffeomorphisms. A natural prerequisite to understanding their world sheet coun-
terparts is to understand the algebra of diffeomorphisms on the world sheet in detail. A third
motivation for our work arises in the typically stringy extension of the algebra of diffeomor-
phisms to also include anti-symmetric tensor gauge transformations. The combination of the
two naturally suggests a split of these space-time gauge transformations in terms of world sheet
left- and right-movers. These may play a role in our understanding of double field theory
and T-duality (see e.g. [10, 11] for reviews), with potentially interesting applications (e.g. to
non-geometric regions of string vacua, or to desingularizing cosmological evolutions).
The paper is organized as follows. In section 2, we show how to interpret space-time diffeo-
morphisms as field redefinitions in the two-dimensional conformal field theory. We demonstrate
in the covariant BRST formalism that the representation of these diffeomorphisms on the world
sheet indeed satisfies the expected diffeomorphism algebra. We then add anti-symmetric gauge
transformations to the algebra. Their crucial property will be that exact shifts of the anti-
symmetric tensor do not influence the world sheet equations of motion, nor the world sheet
energy-momentum tensor. That will allow us to explicitly compute the mixed algebra of dif-
feomorphisms and anti-symmetric gauge transformations from the world sheet as well.
In section 3, we compare our derivation to other approaches. In particular, we connect to
the approach in which deformations of the action are treated in conformal perturbation theory.
These approaches are related to the calculation of world sheet vertex operator algebras, which
mimic the diffeomorphism algebra at the classical level, but also contain α′ corrections [7,12,13].
In the first appendix, we stress that, though operators cc˜Omatter that we insert in string
correlation functions typically need to be of (matter) dimension (1, 1), this does not need to hold
for pure gauge operators, e.g. for diffeomorphism vertex operators. Those are automatically
on-shell.
In the second appendix B, we point out how to factor and twist the algebra of diffeomor-
phisms and anti-symmetric gauge transformations into an algebra dependent on world sheet
left-movers and right-movers independently, and satisfying the C-bracket commutator.
2 The algebra of gauge transformations
In this section, we derive the algebra of diffeomorphisms, and anti-symmetric gauge transfor-
mations from a world sheet perspective.
2.1 Diffeomorphisms in the path integral
To implement diffeomorphisms in terms of the two-dimensional world sheet theory on the
fundamental string propagating in flat space, we can turn to a path integral formalism for the
gauge fixed world sheet theory, which gives rise to a two-dimensional conformal field theory.
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Ignoring world sheet ghosts, we find the path integral:
Z =
∫
[DX(z, z¯)] exp
(− S[X(z, z¯)]) (2.1)
where the world sheet action is
S =
1
2πα′
∫
d2z ηµν ∂X
µ∂¯Xν , (2.2)
and where we can allow for operator insertions representing string scattering. We wish to
consider the effect of target space diffeomorphisms on the path integral. Diffeomorphisms in
the target space can be interpreted on the world sheet as field redefinitions:
Xµ(z, z¯) → Xµ(z, z¯) + ξµ(Xν(z, z¯)) . (2.3)
When we perform the field redefinition on the action, we find that to first order, the metric is
shifted by the diffeomorphism according to the standard rule. The measure [DX] will transform
unless we introduce the traditional measure factor
√−G[X] in equation (2.1), where G[X] is the
determinant of the space-time metric Gµν . Indeed, the measure factor will pick up a Jacobian
transformation factor, while the square root of the determinant will transform inversely under
diffeomorphisms. When we compute the commutator of gauge transformations, after a first
application of a diffeomorphism, the metric becomes non-trivially dependend on the coordinates
X, and this measure factor will become non-trivial.
If we concentrate on the world sheet kinetic term, and compute the algebra of diffeomor-
phisms, we find the standard algebra – see later for the details –:
[ξ1, ξ2] = Lξ1ξ2 − Lξ2ξ1 , (2.4)
represented on the space of metric couplings in the two-dimensional field theory. To conclude
that we realize the standard diffeomorphisms, we must argue that the measure factor
√−G will
not lead to non-trivial contributions to string scattering. In [14], where the above argument
can also be found, it is argued that this is the case because of the tracelessness of the graviton
polarization tensor. The same type of reasoning that we make above would hold in curved
spaces. This is the underlying rationale for claiming that string theory in curved space will be
diffeomorphism invariant. Anti-symmetric gauge transformations can also be treated in this
formal path integral argument.
There are several reasons to proceed beyond this. The first is that one may wish to carefully
regularize the path integral. A second reason is that one wants to understand better the space
of deformations of the world sheet theory, and in particular distinguish those that are trivial
from the target space perspective from those that are not. E.g. one would like to identify BRST
exact deformations from others in string theory, through a more direct analysis of the shifts
of the string state. Another reason is that one can have diffeomorphisms that do not fall fast
enough at infinity to make them trivial field redefinitions. They can then generate a large and
interesting asymptotic symmetry group. One may then wish for an explicit realization of the
symmetry algebra on the world sheet in terms of charge operators. Any of these motivations
lead us to attempt to analyze the above transformations in some more detail from a world sheet
perspective.
2.2 Diffeomorphisms as field redefinitions
We wish to be more explicit about how to compute the algebra of diffeomorphisms from a world
sheet perspective. We start from a world sheet theory on a flat target space, with fields Xµ
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and metric ηµν and action (2.2). The fields X
µ(z, z¯) are shifted as in the field redefinition (2.3).
The world sheet action after applying the diffeomorphism becomes:
S =
1
2πα′
∫
d2z ηµν ∂ (X
µ + ξµ) ∂¯ (Xν + ξν)
≈ 1
2πα′
∫
d2z (ηµν + ∂µξν + ∂νξµ) ∂X
µ∂¯Xν (2.5)
where we always must think of the shift ξµ(Xν) as field dependent. We work to leading order
in the expansion in the deformation ξ, and in the above formula, we have used the Minkowksi
metric to lower the index on ξ. There are now at least two useful perspectives on the shifted
action. One that links quickly to the traditional perspective on diffeomorphisms is to view:
δξS =
1
2πα′
∫
d2z (∂µξν + ∂νξµ) ∂X
µ∂¯Xν (2.6)
as the integrated form of a vertex operator associated to a BRST exact state in the original
theory.3 When we assume the integrand of the vertex operator to be marginal, this perspective
says that we have performed a marginal deformation of the world sheet theory that we could
treat in conformal perturbation theory. We will return to this perspective in section 3. A second
perspective is to concentrate on the first line of (2.5) and to say that the new world sheet theory
is very much like the old one, except for the fact that the field Xµ has been replaced by the
field Xµ + ξµ. In the latter perspective, we draw conclusions like the fact that the operator
product expansion in the deformed theory is (at α′ = 2):
(X + ξ)µ(z, z¯)(X + ξ)ν(w, w¯) ≈ −ηµν log |z − w|2 , (2.7)
and that the metric is still the initial metric ηµν , while the energy-momentum tensor reads:
Tm(ξ) = −1
2
ηµν ∂ (X + ξ)
µ ∂ (X + ξ)ν . (2.8)
In this perspective, in the BRST covariant treatment, the BRST charge of the new theory is
given in terms of the deformed energy-momentum tensor (2.8).
2.3 The algebra of diffeomorphisms
Let’s now consider these transformations in the covariant BRST formalism. In a first step, we
have an undeformed BRST vertex operator:
QB(0) =
1
2πi
∮ (
dz jB − dz¯ j˜B
)
, (2.9)
where the ghost currents jB and j˜B depend on the undeformed world sheet energy-momentum
tensor. We perform a shift of the background by a BRST exact operator that is obtained by
computing the commutator of the undeformed BRST charge with a first seed4 operator s1,
depending on a parameter ξ1:
s1 = c˜ ξ
1
µ∂¯X
µ − c ξ1µ∂Xµ . (2.10)
3There is a subtlety here in that the integrand of this vertex operator is often assumed to be of world sheet
dimension (1, 1), although there is no such restriction on ξ from the target space point of view. We discuss this
subtlety in appendix A.
4The seed is the state on which we act with the BRST operator to obtain a BRST exact, or pure gauge state.
It can be thought off as the gauge parameter.
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When we compute the commutator, we find the BRST exact operator:
q = [QB(0), s1(ξ
1)]
=
(
∂µξ
1
ν + ∂νξ
1
µ
)
cc˜ ∂Xµ∂¯Xν
+other (left,right) ghost structures . (2.11)
The shift of the background by this operator shifts the metric coupling of the background
according to the rule:
ηµν → ηµν +
(
∂µξ
1
ν + ∂νξ
1
µ
)
, (2.12)
thus implementing the first diffeomorphism.
To compute the commutator of two diffeomorphisms, we wish to perform a second BRST
exact shift of the background. The BRST-charge after one deformation is given by
QB(ξ
1) =
1
2πi
∮ (
dz jB − dz¯ j˜B
)
, (2.13)
with matter energy-momentum tensor depending on ξ1 as in equation (2.8)
jB = c T
m(ξ1)+ : bc∂c : +
3
2
∂2c . (2.14)
The second seed that we wish to consider is most naturally written in terms of the deformed
fields Xµ + ξ1µ, such that we find – this should be compared to (2.10) –:
s2 = c˜ ξ
2(X + ξ1) · ∂¯(X + ξ1)− c ξ2(X + ξ1) · ∂(X + ξ1) . (2.15)
The contraction is done with the flat background metric – remember that we took the per-
spective in which the metric is not shifted after the first deformation. The calculation of the
BRST exact state that results from this seed is identical to the standard calculation in flat
space (thanks to exact operator product expansions like (2.7)), with the mere replacement of
the field X by X + ξ1, and we therefore find the result:
C12 =
[
QB(ξ
1), s2
]
= cc˜
(
∂µξ
2
ν
(
X + ξ1
)
+ ∂νξ
2
µ
(
X + ξ1
) )
∂
(
X + ξ1
)µ
∂¯
(
X + ξ1
)ν
+other ghost structures . (2.16)
Finally, we are ready to compute the result of the commutator of two diffeomorphisms. We take
into account the linear shift in the background in ξ1, and anti-symmetrize the above expression
in the deformations labeled 1 and 2, which results in the commutator:
C = [QB(0), s1] +
[
QB(ξ
1), s2)
]− (1↔ 2)
= cc˜
(
∂µ
(
ξ1ρ∂ρξ
2
ν − ξ2ρ∂ρξ1ν
)
+ ∂ν
(
ξ1ρ∂ρξ
2
µ − ξ2ρ∂ρξ1µ
) )
∂Xµ∂¯Xν
+other ghost structures . (2.17)
This is the BRST exact shift of the background metric that results from consecutive gauge
transformations 1 and 2, minus 2 then 1. Through expansions in the shifts ξ1 and ξ2, we
confirm the expected result (2.4). With field redefinitions as our guide, the calculation of the
commutator in the two-dimensional quantum field theory has become a close analogue of its
classical, geometric counterpart.
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2.4 The algebra including anti-symmetric gauge transformations
Anti-symmetric gauge transformations in string theory are closely related to diffeomorphisms.
Under T-duality, the two types of gauge symmetries become equivalent. It is therefore natural to
attempt to treat them on the same footing. Still, in the canonical treatment they need separate
care. Let’s analyze how they modify the picture drawn for diffeomorphisms in subsection 2.3.
We can introduce anti-symmetric gauge transformations as follows. In the first perturbation,
we consider also a shift of the action which is a total derivative on the world sheet :
δ
ξ˜
S = − i
2πα′
∫
d
(
ξ˜µ∂¯X
µ dz¯ + ∂Xµξ˜µ dz
)
=
1
2πα′
∫
d2z
(
∂ξ˜µ∂¯X
µ − ∂Xµ∂¯ξ˜µ
)
. (2.18)
where in the first line d denotes the exterior derivative applied to the pull-back of the one-form
ξ˜ to the world sheet. Since this perturbation is a total derivative on the world sheet, it won’t
affect the world sheet propagator, energy-momentum tensor and so on. When we perform the
analysis of the second shift, using the covariant BRST formalism, we must also generalize the
seed to include anti-symmetric tensor gauge transformations:
s2(ξ
2, ξ˜2) = c˜
(
ξ2 + ξ˜2
)
· ∂¯ (X + ξ1)− c (ξ2 − ξ˜2) · ∂ (X + ξ1) . (2.19)
The second BRST exact shift will then be equal to :
C12 =
[
QB(ξ
1), s2(ξ
2, ξ˜2)
]
= cc˜
(
∂µ
(
ξ2ν
(
X + ξ1
)
+ ξ˜2ν
(
X + ξ1
))
+ ∂ν
(
ξ2µ
(
X + ξ1
)− ξ˜2µ (X + ξ1)))∂(Xµ + ξ1µ)∂¯(Xν + ξ1ν)
+ other ghost structures . (2.20)
The commutator of two gauge transformations is equal to:
C =
[
QB(0), s1(ξ
1, ξ˜1)
]
+
[
QB(ξ
1), s2(ξ
2, ξ˜2)
]
− (1↔ 2)
= cc˜
(
∂µ(ξ
1ρ∂ρξ
2
ν − ξ2ρ∂ρξ1ν) + ∂ν(ξ1ρ∂ρξ2µ − ξ2ρ∂ρξ1µ)
)
∂Xµ∂¯Xν
+cc˜
(
∂µ(ξ
1ρ∂ρξ˜
2
ν − ξ2ρ∂ρξ˜1ν)− ∂ν(ξ1ρ∂ρξ˜2µ − ξ2ρ∂ρξ˜1µ)
)
∂Xµ∂¯Xν
+cc˜
(
− ∂µξ1ρ∂ν ξ˜2ρ + ∂νξ1ρ∂µξ˜2ρ + ∂µξ2ρ∂ν ξ˜1ρ − ∂νξ2ρ∂µξ˜1ρ
)
∂Xµ∂¯Xν
+other ghost structures . (2.21)
If we use the notations D(ξ) for target space diffeomorphisms and A(ξ) for anti-symmetric
tensor gauge transformations when they are represented on the metric and anti-symmetric
tensor couplings in the world sheet action, we can summarize the algebra of these generators:5
[D(ξ1),D(ξ2)] = D([ξ1, ξ2]) ,
[A(ξ˜1), A(ξ˜2)] = 0 ,
[D(ξ1), A(ξ˜2)] = A(Lξ1 ξ˜2) . (2.22)
5We have (Lξ1 ξ˜
2)µ = ξ
1ρ∂ρξ˜
2
µ + ∂µξ
1ρ ξ˜2ρ since ξ˜ is thought off as a one-form.
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We have the freedom to add a total derivative term to the argument of the anti-symmetric
tensor gauge transformation in the last line on the right hand side – see e.g. [10] for a clear
discussion – to obtain the Courant bracket (with extra automorphism symmetry):
[D(ξ1),D(ξ2)] = D([ξ1, ξ2]) ,
[A(ξ˜1), A(ξ˜2)] = 0 ,
[D(ξ1), A(ξ˜2)] = A(Lξ1 ξ˜2 −
1
2
d(ξ1 · ξ˜2)) . (2.23)
In appendix B, we demonstrate the existence of an algebra which is factorized in the left- and
right-movers on the world sheet. The algebra has a commutator equal to the C-bracket algebra
of [10,15,16].
2.5 Contributions
We want to make a brief remark on the terms that survive in the final result. For simplicity, we
concentrate on the diffeomorphism algebra. If we denote by Y = X + ξ the redefined field, and
attach an index Y to the quantities in the redefined frame, then we find the following relation
between the BRST exact state qY in the Y basis and the BRST exact states qX in the X basis:
qY (ξ2) = qX(ξ2) + qX(ξ1ρ∂ρξ
2) + terms symmetric in ξ1 and ξ2 . (2.24)
The commutator of diffeomorphisms is then given by the usual algebra of vector fields, in the
original X frame:
qX(ξ1) + qY (ξ2)− qX(ξ2)− qY (ξ1) = qX([ξ1, ξ2]) . (2.25)
We see that only the second term in equation (2.24) survives in the end result. Yet a third
way to present the calculation is to rewrite the BRST exact term in the Y -frame in terms of
variations of the BRST charge, the seed, as well as the operator product expansion:
qY (ξ2) = [QYB , s
Y (ξ2)]
∣∣∣
OPEY
(2.26)
= [QXB + δξ1Q
X
B , s
X(ξ2) + δξ1s
X(ξ2)]
∣∣∣
OPEX
+ [QXB + δξ1Q
X
B , s
X(ξ2) + δξ1s
X(ξ2)]
∣∣∣
δ
ξ1
OPEX
= [QXB , s
X(ξ2)]
∣∣∣
OPEX
+ [QXB , δξ1s
X(ξ2)]
∣∣∣
OPEX
+ [δξ1Q
X
B , s
X(ξ2)]
∣∣∣
OPEX
+ [QXB , s
X(ξ2)]
∣∣∣
δ
ξ1
OPEX
We have for instance used the notation δξ1OPE
X to indicate that after deformation, the opera-
tor product expansions for the field X have shifted, et cetera. Once we consider the commutator
action of the diffeomorphisms all the terms except the contribution from the second term will
sum to zero. This is a version of the observation in equation (2.24) in conformal perturbation
theory, namely that the crucial term is a variation of the first diffeomorphism parameter with
respect to the second, and that other variations in the perturbation series drop out.
3 Comparison to other methods
In this section, we wish to compare our explicit world sheet identification of the diffeomorphism
algebra inside the large gauge algebra of string theory to various algebraic structures that have
been identified in string theory in the past. We indicate where these structures relate to the
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algebra we have exhibited, and how they differ. We permit ourselves to wander slightly, in
order to overlap with various approaches. Our stroll illustrates that the smooth sailing we
experienced in section 2 was due to our choice of route.
The literature has mostly concentrated on (physical or pure gauge) deformations of the world
sheet theory in terms of conformal perturbation theory. We can fit an action deformed by a
diffeomorphism in this category by viewing the shift of the action under the field redefinition
X → X+ ξ as a deformation of the original theory, and performing perturbation theory for the
correlators:
〈. . . 〉ξ =
∞∑
n=0
〈
1
n!
(
1
2πα′
∫
d2z
(
∂ξ · ∂¯X + ∂X · ∂¯ξ))n . . .〉
0
. (3.1)
All correlators in the perturbed theory obtain contributions from the extra insertions. The
technique we used in section 2 boils down to an elementary, effortless resummation of conformal
perturbation theory, available only in the case where this deformation is equivalent to a field
redefinition. If one performs several consecutive deformations, one can ask whether the algebra
of deforming vertex operators (as in equation (3.1)) is related to the diffeomorphism algebra
we found in section 2. We will address this question in this section, and connect it to various
approaches in the literature.
3.1 The chiral cohomological Gerstenhaber algebra
In [17], BRST algebraic structures in chiral or open bosonic string theory were discussed.
In particular, the compatibility between holomorphic normal ordering, the b−1 curly bracket
operation and the chiral BRST cohomology were analyzed (see [17] for details). It was shown
that they form a Gerstenhaber algebra in cohomology. We can read the relevant proofs of these
properties slightly differently, namely, in the full covariant Hilbert space. The proofs of [17]
then say that if two states are BRST exact, their curly bracket gives again an exact state, and
the seed can be explicitly calculated. Similarly, if three states are BRST exact, their curly
bracket Jacobiator is exact, and the seed of the Jacobiator can be explicitly calculated. These
are interesting properties of the chiral gauge algebra in string theory. They are closely related
to properties of (chiral) vertex operator algebras reviewed for instance in [18] and exploited for
chiral analogues of generalized diffeomorphism vertex operator algebras in [7,12,13]. However,
to usefully compare to our results, we need to study a non-chiral version of these algebras.
3.2 The non-chiral Gerstenhaber algebra
The curly bracket operation and its relation to the BRST operator, and marginal deformations
has been further extended and exploited in the non-chiral context, e.g. in [19]. The deformation
of a matter conformal field theory by a marginal operator was written in [19] in the language of
the algebraic structures of [17], generalized to the non-chiral setting. In particular, this requires
the introduction of a non-chiral form of normal ordering which was chosen to be:
NO(V1, V2)(0) = P0(V1(ǫ)V2(0)) (3.2)
where P0 is a projection operator on the term in the operator product expansion between V1
and V2 that is independent of ǫ, including its phase. Effectively, the normal ordering is taken
to project onto the non-singular term in both the holomorphic and the anti-holomorphic factor
separately. The non-chiral curly bracket operation acts as a chiral curly bracket on one side,
times a normal ordering operation on the other. One then again identifies the resulting algebra
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as a Gerstenhaber algebra. (See [17] and [19] for details.) For a recent analysis of how one
recuperates diffeomorphisms and anti-symmetric gauge transformations within this framework,
see [20].
3.3 Marginal perturbations
An alternative way to link some of these interesting algebraic structures to our elementary
treatment is the following. We need to suppose henceforth that the diffeomorphism operator
by which we deform the action is marginal.6 A perturbation of the action with the integral of
a marginal (1, 1) vertex operator W (1,1) corresponds to a deformation of the BRST charge of
the form:
QdefB (z)(·) = QB ·+{W, ·} ,
where W (1,1) the doubly descended form of the operator W = cc˜W (1,1). We have introduced
the curly bracket operation {. , .} which underlies the Gerstenhaber algebra.7 If we apply this
knowledge to a diffeomorphism/anti-symmetric gauge transformation of the form:
W (1,1) = cc˜
(
∂ξL · ∂¯X + ∂¯ξR · ∂X
)
, (3.3)
then we find the first order deformation:
QdefB = QB +
{
cc˜
(
∂ξL · ∂¯X + ∂¯ξR · ∂X
)
, ·
}
. (3.4)
The curly bracket replaces the first entry by the operator corresponding to acting by descent
once on the operator cc˜W (1,1), and takes a small contour integral of this operator around the
one it is acting on, with the ǫ regularization prescription described of equation (3.2) (see [19]).
We therefore have:
QdefB = QB +
1
2πi
∮
Cǫ
(dz c− dz¯ c˜)
(
∂ξL · ∂¯X + ∂¯ξR · ∂X
)
. (3.5)
From the result (3.5), we conclude that the description of marginal deformations in the for-
malism of [17,19] is equivalent to the analysis of the influence of marginal deformations on the
BRST charge performed in [21].
The analysis of [21] is based on a regularization procedure in conformal field theory that cuts
out little disks from the integral over the world sheet of the marginal deformation of the theory
whenever one encounters another vertex operator insertion. The coordinate independence of
the deformation of the BRST charge has been analyzed in [22]. That analysis also showed
the equivalence between the deformation of [21] and the equal-time contour prescription of
the deformation of the world sheet energy-momentum tensor proposed in [14, 23]. Further
developments can amongst others be found in [24–26].
The deformation of the BRST charge is obtained by analyzing the conformal Ward identities
in the perturbed theory [21], or by analyzing how conformal transformations influence the
procedure of cutting out disks around other vertex operator insertions [22]. Our method in
section 2 directly resums conformal perturbation theory. Of course, the methods of [21, 22]
were designed to be more general, and to apply to physical deformations.
Now that we have reviewed how the deformation of the BRST charge under marginal de-
formations is coded in a deformation of the world sheet stress-energy tensor of the equal-time
6We remind the reader that this is not generic, as reviewed in appendix A.
7Since we hardly need any of its properties, we will not fully review this operation [17,19].
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contour form discussed in [14,23] we can apply the result of [14] where the deformation of the
energy-momentum tensor is interpreted as a change in the background fields, e.g. the metric.8
For a given deformation of the background metric hµν , we have the relation [14]:
T (hµν) + i[Λ(ξ), T (hµν )] = T (hµν + δξhµν) (3.6)
between the shifted energy-momenum tensor, the vertex operator Λ(ξ) corresponding to the
diffeomorphism, and the resulting perturbed energy-momentum tensor. The commutator in
equation (3.6) is an equal time commutator. The generator of diffeomorphisms Λ(ξ) was pro-
posed to be the vertex operator:
Λ(ξ) =
1
2πiα′
∫
dz¯ ξµ(z, z¯)∂¯X
µ − 1
2πiα′
∫
dz ξµ(z, z¯)∂X
µ (3.7)
with integrands of dimension (1, 0) and (0, 1), which imposes the conditions:
∂µξ
µ = 0 , ∂µ∂
µξν = 0 . (3.8)
Now consider an undeformed background with T (0) = −12ηµν∂Xµ∂Xν and shift the stress-
energy tensor by transformations generated by Λ(ξ1) and Λ(ξ2). With a slight abuse of notation,
we find:
δξ2δξ1T (0) = T (ξ
1) + i[Λ(ξ2), T (ξ1)]
= T (0) + i[Λ(ξ1), T (0)] + i[Λ(ξ2), T (0)] − [Λ(ξ2), [Λ(ξ1), T (0)]] . (3.9)
The commutator is then equal to:(
δξ2δξ1 − δξ1δξ2
)
T (0) = [T (0), [Λ(ξ2),Λ(ξ1)]] . (3.10)
To obtain this result we used the Jacobi identity for the energy-momentum tensor and the
operators Λ(ξi). In [7] we computed the vertex operator algebra between Λ(ξ1) and Λ(ξ2)
[Λ(ξ1),Λ(ξ2)] = Λ
(
ξ1ρ∂ρξ
2
µ − ξ2ρ∂ρξ1µ −
1
α′
(
∂ρξ
1ν ∂µ∂νξ
2ρ − ∂ρξ2ν ∂µ∂νξ1ρ
))
. (3.11)
The equal time commutator between the Λ(ξi) generates the target space diffeomorphism al-
gebra at leading order in α′. The vertex operator algebra of the Λ(ξi) operators does have α′
corrections [7], making the map between the diffeomorphism algebra and the vertex operator
algebra an isomorphism only classically.9 From this perspective a proper map of the diffeomor-
phism action from the target space into the world sheet will include α′-corrections, namely, it
is more subtle than the map we used in equation (3.7). It is important to note that the analysis
of the vertex operator algebra does not take into account effects such as the deformation of one
seed by the other, nor does it take into account possible corrections to the operator product
relations after a single deformation (see subsection 2.5). Rather, the vertex operator algebra
analysis should be viewed as taking place within conformal perturbation theory.
8See also [21] for a analysis of how deformations of the BRST charges due to marginal deformations and due
to shifts in the string field are related.
9An alternative set of α′ corrections to the diffeomorphism and anti-symmetric gauge transformation algebra
was identified in [13,27] on the basis of a chiral vertex operator algebra [12] in the doubled field theory formalism.
These α′ corrections are consistent with the Green-Schwarz mechanism in heterotic string theory.
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4 Conclusions
String theory is a unitary perturbative theory of quantum gravity. As such we expect it to be
diffeomorphism invariant on the basis of classic arguments [1]. We have explicitly exhibited the
diffeomorphism algebra of string theory through the interpretation of target space diffeomor-
phisms as world sheet field redefinitions. This allowed us to efficiently derive the space-time
algebra from the world sheet quantum field theory defining perturbative string theory. The
derivation of the full diffeomorphism algebra in a fully regularized setting allows to demon-
strate explicitly that there are no α′ corrections in the gauge algebra we identified. Thus we
have exhibited the canonical, undeformed diffeomorphism algebra in the quantum world sheet
string theory. We also compared our derivation to algebraic structures in the literature, and
showed the subtlety of the comparison to vertex operator algebras which do exhibit α′ correc-
tions.
We believe these steps are useful in the enterprise of understanding better asymptotic sym-
metry algebras in string theory, consequences of diffeomorphisms for graviton scattering ampli-
tudes, constraints on doubled effective field theories, et cetera. Our set-up, suitably regularized,
is also a good template for similar analyses in curved space, including asymptotic symmetry
algebras in asymptotically anti-de Sitter, linear dilaton, de Sitter, or less symmetric space-times.
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A Exactness, on-shellness and marginality
Often in the string theory literature, on-shellness of a vertex operator and its marginality
are viewed as synonyms. Indeed, a matter vertex operator integrand should be marginal in
order for the integrated vertex operator to be conformally invariant. A related fact is that a
primary operator of the form cc˜ Omatter is BRST closed only if the matter operator Omatter is
of dimensions (1, 1).
However, there is a slightly more general concept of on-shellness which is important in the
context of pure gauge degrees of freedom. Indeed, we can define an operator to be on-shell if
is it BRST closed. It is clear then that any world sheet vertex operator that is BRST exact
is BRST closed, and therefore on-shell. No condition on its dimension or primary nature are
necessary. In other words, pure gauge degrees of freedom are always on-shell. This is logical
in the sense that we don’t expect pure gauge degrees of freedom to be subject to a physical
equation of motion (imposed by the requirement of having a particular conformal dimension).
(See [2] for how these facts play out in the larger context of string field theory.)
Since this feature of pure gauge degrees of freedom is often set aside, we wish to treat
it in some detail in this appendix. We illustrate this feature with an elementary example,
in particular as it pertains to the diffeomorphisms and anti-symmetric gauge transformations
discussed in the bulk of the paper.
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A.1 Diffeomorphisms and anti-symmetric gauge transformations
Let’s consider a flat target space with the standard BRST operator, energy-momentum tensor,
ghost system, et cetera [28]. We consider a seed of the form10:
s = c˜ ξLµ ∂¯X
µ − c ξRµ ∂Xµ . (A.1)
Acting with the BRST operator gives rise to the BRST exact state:
q =
(
∂µξ
L
ν + ∂νξ
R
µ
)
cc˜ ∂Xµ∂¯Xν
−α
′
4
(∂µ∂
µξLν ∂cc˜ ∂¯X
ν + ∂µ∂
µξRν c∂¯c˜ ∂X
ν)
+other (left,right) ghost numbers (A.2)
where we dropped terms that are not of ghost numbers (1, 1). Of course, one can act on the full
vertex operator (A.2) once more to demonstrate it is BRST closed without having to impose
any conditions on the parameters (ξL, ξR).
A.2 An example three-point function
Let’s turn to an example in which we can explicitly see how a non-marginal matter part of a
vertex operator leads to a well-defined result for the pure gauge correlator, namely zero. We
show that a BRST exact massless vertex operator decouples from a three-point function in
string theory, through explicit computation. A standard technique to demonstrate this fact
is to use the contour argument, that has the BRST charge act on the other two insertions of
the three-point function (see e.g. [28]). We find the explicit calculation to be informative as
well. We calculate the three-point function of a Fourier mode of the BRST exact operator q of
equation (A.2)
q(k1) =
(
ik1µe
L
ν (k1) + ik
1
νe
R
µ (k1)
)
cc˜ ∂Xµ∂¯Xν
+
α′
4
k21
(
eLµ ∂cc˜ ∂¯X
µ + eRµ c∂¯c˜ ∂X
µ
)
+other (left,right) ghost numbers (A.3)
with two physical tachyon vertex operator insertions – we follow the conventions of [28] closely:
S3 =
〈
: q(k1)(z1, z¯1) : : cc˜ e
ik2·X(z2,z¯2) : : cc˜ eik3·X(z3,z¯3) :
〉
= |z12 z13 z23|2 |z12|α′k1·k2 |z13|α′k1·k3 |z23|α′k2·k3
×
[(
ik1µe
L
ν + ik
1
νe
R
µ
)(−iα′
2
)2( kµ2
z1 − z2 +
kµ3
z1 − z3
)(
kν2
z¯1 − z¯2 +
kν3
z¯1 − z¯3
)
+
(
−iα
′
2
)
α′k21
4
eLµ
(
1
z1 − z2 +
1
z1 − z3
)(
kµ2
z¯1 − z¯2 +
kµ3
z¯1 − z¯3
)
+
(
−iα
′
2
)
α′k21
4
(
kµ2
z1 − z2 +
kµ3
z1 − z3
)
eRµ
(
1
z¯1 − z¯2 +
1
z¯1 − z¯3
)]
. (A.4)
10See also [3] for an analysis of more generic seed states.
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We left out the overall normalization factor (equal to 2i g3cl CS2/α
′) as well as the overall delta-
function corresponding to momentum conservation (2π)26 δ26
(∑3
i=1 k
µ
i
)
. We now use momen-
tum conservation to determine the overall factor for both the eL and eR dependence:
α′
(
2k1 · k2 + k21
)
= α′
(
k23 − k22
)
= 0 (A.5)
where in the last equality, we exploited that the two tachyon vertex operators are on-shell and
have equal mass. The amplitude, which at first sight looked like a gauge dependent off-shell
quantity (because of the factor with explicit dependence on the insertion points zi), upon closer
inspection is equal to zero. Both in the contour argument and in the explicit calculation, there
is no constraint on the momentum k1 of the pure gauge vertex operator. The ghost structure
of the vertex operator is of primordial importance in both arguments. Our calculation is an
elementary illustration of the fact that BRST closedness (or in this case, exactness) is sufficient
for a vertex operator to be on-shell. This fact is important in the bulk of the paper since we
wish to work with arbitrary gauge parameters ξ. Our story here is but a close-up of a more
systematic, general, and abstract treatment within for instance closed string field theory [2].
B Factorization and Doubling
T-duality exchanges metric and anti-symmetric tensor components, and exchanges diffeomor-
phisms for anti-symmetric gauge transformations. In section 2, the two types of transformations
were on a different footing. T-duality (see e.g. [29]) feeds the desire to treat them democrati-
cally. In order to do so, it is convenient to double the number of space-time coordinates (see
e.g. [10] for an introduction to the relevant concepts). We wish to introduce a left and a right
space-time coordinate XL and XR, as well as their shifts ξL and ξR. There are now a number
of different ways to proceed.
We wish to entertain the possibility to obtain an O(d, d) invariant algebra as a result of our
procedure. To do so, we can make the guess that the second seed on which our deformed BRST
charge acts should be of the form:
s2 = 2 c ξ
L2 · ∂X − 2 c˜ ξR2 · ∂¯X . (B.1)
Note how this is in contrast to what we did in section 2. We have flipped the left and right
component of the second seed (only). This puts a particular twist on our gauge parameters.
This idea leads to the following proposal for the BRST exact shift of the background after
performing transformations 1 and 2 consecutively:
C12 = 2cc˜
(
∂¯ξ2L(XL + ξ1L,XR + ξ1R) · ∂(X + ξ1L) + ∂ξ2R(XL + ξ1L,XR + ξ1R) · ∂¯(X + ξ1R)
)
.
(B.2)
Given this starting point, it is straightforward to calculate the commutator. We expand to
second order in ξ, using amongst others the rule:
ξL2
(
XL + ξL1,XR + ξR1
) ≈ ξL2 + ξL1ρ∂Lρ ξL2 + ξR1ρ∂Rρ ξL2 + . . . (B.3)
The full commutator can be summarized as:
C = 2cc˜
[
− ∂ξL2 · ∂¯ξL1 + ∂ξL1 · ∂¯ξL2 − ∂¯ξR2 · ∂ξR1 + ∂¯ξR1 · ∂ξR2
+∂¯
(
ξL1ρ∂Lρ ξ
L2 − ξL2ρ∂Lρ ξL1 + ξR1ρ∂Rρ ξL2 − ξR2ρ∂Rρ ξL1
)
· ∂X
+∂
(
ξL1ρ∂Lρ ξ
R2 − ξL2ρ∂Lρ ξR1 + ξR1ρ∂Rρ ξR2 − ξR2ρ∂Rρ ξR1
)
· ∂¯X
]
.
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We wish to express the commutator in terms of the gauge parameters. To that end, we need to
decide how we will interpret the first line in (B.4). We rewrite the first two terms in the first
line as:
CL1 = −cc˜
(
∂
(
ξL2 · ∂¯ξL1)− ∂¯ (ξL2 · ∂ξL1)+ ∂¯ (∂ξL2 · ξL1)− ∂ (ξL1 · ∂¯ξL2))
= −cc˜
(
∂
(
ξL2 · ∂Rµ ξL1∂¯Xµ
)− ∂¯ (ξL2 · ∂Lµ ξL1∂Xµ)+ ∂¯ (∂Lµ ξL2 · ξL1∂Xµ)− ∂ (ξL1 · ∂Rµ ξL2∂¯Xµ) ) .
Using this rewriting, we find the commutators of gauge parameters:
[(ξL1, 0), (ξL2, 0)] = 2
(
ξL1ρ∂Lρ ξ
L2 − ξL2ρ∂Lρ ξL1, 0
)
+
(
ξL2 · ∂Lµ ξL1 − ξL1 · ∂Lµ ξL2,−ξL2 · ∂Rµ ξL1 + ξL1 · ∂Rµ ξL2
)
,
[(ξL1, 0), (0, ξR2)] = 2
(−ξR2ρ∂Rρ ξL1, ξL1ρ∂Lρ ξR2) . (B.4)
On the right hand side, we read off the left parameter from the ∂X terms, in accordance with
the twist implemented in the second seed (B.1). We have succeeded in twisting our construction
such that the resulting algebra gives rise to the O(d, d) invariant C-bracket [10, 15, 16]. This
bracket also has a world sheet vertex operator algebra counterpart which exibits α′ corrections
found in [7].
We stress that we have improvised at the level of a twist on the space of gauge parameters,
and the proposal for the resulting BRST exact state. It would be interesting to find a good
rationale behind the construction of the C-bracket in this BRST covariant context.
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